Realizing Refsdal's original idea from 1964, we present estimates of the Hubble constant that are complementary to and potentially competitive with those of other cosmological probes. We use the observed positions of 89 multiple images, with extensive spectroscopic information, from 28 background sources and the measured time delays between the images S1-S4 and SX of supernova "Refsdal" (z = 1.489), which were obtained thanks to Hubble Space Telescope (HST ) deep imaging and Multi Unit Spectroscopic Explorer (MUSE) data. We extend the strong lensing modeling of the Hubble Frontier Fields (HFF) galaxy cluster MACS J1149.5+2223 (z = 0.542), published by Grillo et al. (2016) , and explore different ΛCDM models. Taking advantage of the lensing information associated to the presence of very close pairs of multiple images at various redshifts and to the extended surface brightness distribution of the SN Refsdal host, we can reconstruct the total mass density profile of the cluster very precisely. The combined dependence of the multiple image positions and time delays on the cosmological parameters allows us to infer the values of H 0 and Ω m with relative (1σ) statistical errors of, respectively, 6% (7%) and 31% (26%) in flat (general) cosmological models, assuming a conservative 3% uncertainty on the final time delay of image SX and, remarkably, no priors from other cosmological experiments. Our best estimate of H 0 , based on the model described in this work, will be presented when the final time-delay measurement becomes available. Our results show that it is possible to utilize time delays in lens galaxy clusters as an important alternative tool for measuring the expansion rate and the geometry of the Universe.
INTRODUCTION
The Hubble constant (H 0 ) is a fundamental cosmological parameter that defines many of the most important scales in the Universe: its size, age, expansion rate, and critical density. In the past 25 years, remarkable progress has been made on the determination of the value of H 0 , thanks to the observations of Cepheids and supernovae (SNe; e.g., Freedman et al. 2001; Freedman et al. 2012; Riess et al. 2016) , the cosmic microwave background (e.g., Hinshaw et al. 2013; Planck Collaboration XIII 2016) , water masers (e.g., Reid et al. 2013; Kuo et al. 2015; Gao et al. 2016) , and quasars (QSOs) strongly lensed by galaxies (e.g., Suyu et al. 2013 Suyu et al. , 2014 Wong et al. 2017 ). More recently, the combination of gravitational wave and electromagnetic data has proved to be a promising new way to estimate the Hubble constant (Abbott et al. 2017; Guidorzi et al. 2017) .
The increased precision of the most recent measurements of H 0 based on the distance ladder (73.24 ± 1.74 km s −1 Mpc −1 ; Riess et al. 2016) and from the Planck satellite (67.74 ± 0.46 km s −1 Mpc −1 ; Planck Collaboration XIII 2016) has revealed some tension at the ≈3σ level (see also Riess et al. 2018 ). This might point to the presence of unknown systematic effects or interesting new physics. To clarify this situation, the results of additional independent and high-precision techniques, which rely on different physics, are fundamental.
As theoretically predicted by Refsdal (1964) , strongly lensed SNe with measured time delays between the multiple SN images provide an independent way to measure the Hubble constant. Given the rarity of lensed SNe, the strong lens time delay method has been utilised with lensed quasars until now. In particular, the H0LiCOW program , together with the COSMOGRAIL program (e.g., Tewes et al. 2013a; Courbin et al. 2017) , aims to measure H 0 with < 3.5% uncertainty from the joint analysis of five different lensing systems (see Bonvin et al. 2017 for the initial results from three lenses; H 0 = 71.9 +2.4 −3.0 km s −1 Mpc −1 ). SN "Refsdal" (z = 1.489) was discovered by Kelly et al. (2015 Kelly et al. ( , 2016a to be strongly lensed by the Hubble Frontier Fields (HFF) galaxy cluster MACS J1149.5+2223 (hereafter MACS 1149; z = 0.542; Grillo et al. 2016, hereafter G16) . We show here that by using a full strong lensing analysis of the first multiplyimaged and spatially-resolved SN Refsdal, which includes its time-delay measurements (Kelly et al. 2016b; Rodney et al. 2016 ) and a robust knowledge of the cluster gravitational potential derived from a large number of multiple images, it is possible to measure the values of the Hubble constant and of cosmological parameters with a precision comparable to that of other standard techniques.
METHODS

Theory
In this section, we introduce very concisely the dependence of some of the observables related to the multiple images of a lensed source on the values of the cosmological parameters. For more details about the general theory of gravitational lensing, we refer to dedicated textbooks (e.g., Schneider et al. 1992; Dodelson 2017) .
If a source is strongly lensed into two images, i 1 and i 2 , the difference in time that light takes to reach the observer from the two different directions, i.e. the time delay between the two images, ∆t i1i2 , is
where φ is the Fermat potential (connected to the gravitational potential of the lens; see Schneider et al. 1992) and D ∆t is the time-delay distance (see , defined as
with z d and z s as the redshifts of the deflector and the source, respectively, and D d , D s , and D ds as the observer-deflector, observer-source and deflector-source angular-diameter distances, respectively. The ratio of the three angular-diameter distances entering in Equation (2) implies that
0 . From Equations (1) and (2), it follows that if the time delay between two images of the same source can be measured observationally and the Fermat potential reconstructed through strong lensing modeling, then the value of the time-delay distance, thus those of the cosmological parameters, can be constrained. In general, D ∆t can be determined more precisely if the time delays between more than two multiple images are available.
If a lens produces multiple images of two sources, located at different redshifts z s1 and z s2 , the observed positions of the multiple images provide information about the total mass profile of the lens and the so-called family ratio (e.g., Soucail et al. 2004; Jullo et al. 2010) :
Depending on the complexity of the lens mass model and on the number of observed multiple images, Equation (3) shows that a ratio of ratios of angular-diameter distances can, in principle, be estimated, and from that We note that (1) time-delay distances are primarily sensitive to the value of H 0 , and more mildly on other cosmological parameters (see also Linder 2011); (2) a lensing system with several multiply imaged sources can provide constraints on the value of Ω m and Ω Λ (in ΛCDM), but it is insensitive to the value of H 0 (the value of the Hubble constant cancels out in the ratio of Equation (3)). The ideal cosmological laboratory is then a lens with a relatively simple total mass distribution accurately constrained by many bona fide multiple images from sources covering a wide redshift range, some of which are time-varying (i.e., allowing time delay measurements). MACS 1149 with SN Refsdal provides such a laboratory (e.g., Smith et al. 2009; Zitrin & Broadhurst 2009 ).
In the following strong-lensing analysis, the total chisquare χ 
Lens modeling
We summarize here the details of the strong-lensing modeling of MACS 1149 presented in G16. We extend the absolute best-fitting cluster mass model (labelled as MLV G12F) to include the time delays of the multiple images of SN Refsdal and to let the values of the cosmological parameters free to vary. The interested reader is referred to G16 for a more extensive description of the modeling and statistical analysis and to a similar work on another HFF cluster, MACS J0416.1−2403 (Grillo et al. 2015, hereafter G15) . The software used to model these clusters is Glee, developed by A. Halkola and S. H. Suyu (Suyu & Halkola 2010; Suyu et al. 2012) . Glee has already been employed to study the mass distribution of lens galaxies and galaxy clusters and to probe the expansion history of the Universe through lensed quasars (e.g., Suyu et al. 2013 Suyu et al. , 2014 Wong et al. 2017 ).
Lensing observables
We optimize the strong-lensing model (cluster mass and cosmological) parameters with uniform priors, over the positions of 89 observed and reliable multiple images belonging to 10 different sources (1.240 ≤ z ≤ 3.703) and to 18 knots of the SN Refsdal host (z = 1.489), further validated by MUSE velocities from [O II] emission (see Figures 8 and 9 in G16 and Di Teodoro et al. 2018) . As detailed in G16, the considered positional uncertainty of each image is 0.26 ′′ in order to get a χ 2 value that is comparable to the number of the degrees of freedom (except for the 5 multiple images of SN Refsdal, S1-S4 and SX, for which we use 0.13 ′′ ). The redshift values of the 7 spectroscopically confirmed multiply-imaged sources are fixed, while the remaining 3 systems are included with a uniform prior on their redshifts, z ∈ [0, 6] (see G16). Moreover, we include the observed time delays (and their statistical errors) of the images S2, S3, and S4, relative to S1, of SN Refsdal, as measured from their full light curves by using a set of templates (t) or polynomials (p) (see Rodney et al. 2016 ). We select a fiducial time delay for SX of 345 days based on the broad constraints presented in Figure 3 of Kelly et al. (2016b) , where only the first photometric points of the light curve of this last image were used. For this quantity, we first use a conservative statistical uncertainty of 10 days, corresponding to approximately a 3% error, and then consider 7 and 4 days (the final observational error is expected to be ≈1-2%, thus closer to these last cases; see Rodney et al. 2016; Kelly et al. 2016b) . To accommodate possible differences in the ultimate measurement of the SX time delay, we also test the effect of conservative positive and negative shifts of 15 and 30 days, i.e. 375, 360, 330, and 315 days, with a fixed uncertainty of 10 days.
Cluster mass components
The absolute best-fitting cluster mass model (MLV G12F) presented in G16 contains three extended darkmatter halo components, modeled as cored elliptical pseudo-isothermal mass distributions, and a highly pure sample of 300 candidate cluster members, in the form of dual pseudo-isothermal mass distributions. Of the 300 candidate cluster members (55% spectroscopically confirmed), 298 are approximated as axially symmetric and with vanishing core radius and scaled with total mass-tolight ratios increasing with their near-IR (HST F160W) luminosities (as suggested by the tilt of the Fundamental Plane; Faber et al. 1987; Bender et al. 1992) , and 2 are elliptical with mass parameters free to vary (the 
∆t(t) 4 ± 4 2 ± 5 24 ± 7 345 ± 10 88.1 1.4 89.5 93 ∆t(p) 7 ± 2 0.6 ± 3 27 ± 8 345 ± 10 88.9 1.2 90.1 93 a Measured by Rodney et al. (2016) .
b Preliminary estimate with a conservative uncertainty (based on Kelly et al. 2016b ).
closest galaxies, in projection, to the SN Refsdal multiple images; see G16). The results of this particular model are also the ones used in the comparative study by .
Cosmological models
We consider flat (Ω m + Ω Λ = 1; see Table 1 
RESULTS
We sample the posterior probability distribution function of the parameters of the lensing models using a standard Bayesian analysis and emcee (Foreman-Mackey et al. 2013 ; for more general details, see also Sect. 3.2 in G15 and Sect. 4.4 in G16). We get χ 2 values (see Table 1 ) that are comparable to the number (93) of the degrees of freedom (dof). The latter is given by the difference between the number of lensing observables (178 x and y coordinates of the multiple images and 4 time delays for S2, S3, S4, and SX) and that of the model free parameters (28 describing the cluster total mass distribution, 56 x and y coordinates of lensed sources, 3 redshifts of the photometric families and 2 for H 0 and Ω m in flat ΛCDM). In this way, possible small dark-matter substructures, deviations from elliptical mass profiles and some scatter in the adopted scaling relations for the cluster members, which have not been explicitly included in our model, are statistically taken into account, and realistic errors on the values of the model parameters can be estimated. We obtain final MCMC chains with approximately 8 × 10
5 samples for each model. We have checked the values of the best-fitting ∆t(t) model against those of the MLV G12F model in G16. The values associated to the cluster total mass distribution show differences that are on average on the order of 0.5σ, thus the two models are statistically consistent. This is not very surprising, since our blind predictions of the position, flux and time delay of SX, published in G16, were obtained there in a flat ΛCDM model (Ω m = 0.3) with H 0 = 70 km s −1 Mpc −1 and were shown to be in very good agreement with the following observations (see Kelly et al. 2016b ). The observables included in the ∆t(t) model differ from those of the MLV G12F model essentially only in the inclusion of the measured position and time delay estimate of the multiple image SX by Kelly et al. (2016b) . The best-fitting cosmological values of the ∆t(t) model are H 0 = 70.4 km s −1
Mpc
−1 and Ω m = 0.31. As a consequence, the cluster total mass distribution is not significantly different. We remark that this is not a circular argument, but only the demonstration that all the results are consistent.
We show in Figure 2 and Table 2 the posterior probability distribution function and the 1σ, 2σ and 3σ credible intervals of H 0 , marginalized over all the other strong-lensing model parameters. We notice that the results obtained with the time delays of the images S2, S3, and S4 measured with a set of light curve templates (t) or with polynomials (p) are consistent, given the statistical uncertainties. Remarkably, we can infer the value of H 0 with a (1σ) statistical error of approximately 6%. If the statistical uncertainty on the SX time delay is 2% (7 days) or 1% (4 days), in both cases the statistical error on H 0 reduces only slightly to approximately 5%. If the true time delay for SX is longer (shorter) by ≈ 4% or 9% (i.e., 15 or 30 days), then this will translate into a value of H 0 which is smaller (larger) by approximately the same percentage. A simple linear interpolation of these values (in the (p) case) provides the following scaling result for H 0 : [72.5 − 0.233d −1 × (∆t SX:S1 − 345d)] km s −1 Mpc −1 . Interestingly, the value of Ω m is on average inferred with a (1σ) statistical error of ≈30% (the median value is not significantly affected by the precise value of the SX time delay), and is in excellent agreement with measurements based on geometrical and/or structure growth rate methods (see Planck Collaboration XIII 2016). Figure 2 . Marginalized probability distribution functions of H0. The results of the flat ΛCDM models listed in Table 1 are shown by the red and blue histograms (on the bottom, the corresponding 68% CL intervals). The vertical arrows show the inferred median values of H0 (in the (p) case) if the time delay of SX differs from 345 days by 15 or 30 days. Credible intervals, at 1σ CL, from H0LiCOW , Planck (Planck Collaboration XIII 2016) and SH0ES (Riess et al. 2016 ) are indicated in gray, magenta and green, respectively.
In Figure 3 , we illustrate the inference on the values of the cosmological parameters H 0 , Ω m and Ω Λ . If we consider the second model (∆t(p)) of Table 1 (2) and (3)). 
DISCUSSION
The term associated to the time delays (χ 2 td ) gives a relatively small contribution (see Table 1 ) to the total chi-square value (χ 2 tot ) of the best-fitting models, but we have checked that the former increases extremely rapidly if we vary the value of H 0 . This explains why a precise estimate of the value of the Hubble constant is possible through this method. It is clear that within our modeling assumptions, the time-delay measurement of the latest image (SX) of SN Refsdal drives the inferred value and the error budget on H 0 . In Figure 2 , one can see that estimates of H 0 from strong-lensing analyses in galaxy clusters containing a large fraction of spectroscopically confirmed multiple images and one time-variable system, like SN Refsdal, could represent a noteworthy independent measurements to those obtained from lensed quasars (H 0 = 71.9 Time-delay distances obtained from quasars multiply lensed by galaxies have already provided very precise estimates of the value of H 0 and, when combined with independent probes, can also constrain other cosmologically relevant quantities (Suyu et al. 2013 (Suyu et al. , 2014 Wong et al. 2017; Bonvin et al. 2017) . Several studies (e.g., Birrer et al. 2016; Treu & Marshall 2016; Suyu et al. 2017 ) have recognized that, in addition to the spectroscopic redshifts of the lens and the source, the most important steps toward accurate and precise cosmological measurements through D ∆t inference in Equation (2) are: (1) precise time delays, (2) high-resolution images of the lensed sources, (3) precise stellar kinematics of the lens galaxy, and (4) detailed information about the lens environment. Long-term (several years) monitoring campaigns of lensed quasars with either optical telescopes, notably by the COSMOGRAIL collaboration (e.g., Tewes et al. 2013a; Courbin et al. 2017 ), or radio observations (e.g., Fassnacht et al. 2002) , together with advances in light-curve analysis techniques (e.g., Tewes et al. 2013b; Hojjati et al. 2013) , have yielded precise time delays. To convert these delays to D ∆t , an accurate lens mass model is needed, particularly concerning the radial mass density profile. Steeper profiles yield larger Fermat potential differences between two images, resulting in shorter estimated D ∆t , and thus larger inferred values of H 0 (Wucknitz 2002; Kochanek 2002) . Moreover, in addition to the main lens, there could be external mass contributions, associated to other galaxies belonging to the same group of the main lens or to structures along the line of sight. If not properly taken into account, this term represents another important source of systematic error, the so-called "mass-sheet degeneracy" (Falco et al. 1985; Schneider & Sluse 2013 ), in the model prediction of the time delays. This explains why the surface brightness reconstruction of multiple images, the use of independent mass probes (e.g., through dynamical modeling; see Treu & Koopmans 2002) for the main lens, and a full characterization of its environment (i.e., points (2), (3), and (4) mentioned above) are so relevant to a very accurate lens mass model, thus to the success of this cosmological tool (e.g., Suyu et al. 2014; Birrer et al. 2016; McCully et al. 2017; Rusu et al. 2017; Shajib et al. 2018; Sluse et al. 2017; Tihhonova et al. 2017) .
In contrast to quasars, the time variability curve of a SN is much simpler to model. For SN Refsdal, dedicated HST monitoring programs have already measured the time delays of the multiple images S2-S4, relative to S1, and are expected to deliver soon a relative precision of ≈1-2% on the time delay of SX (Rodney et al. 2016; Kelly et al. 2016b ; HST GO-14199). Further-more, despite being more complex than that of an isolated galaxy, the strong lensing modeling of MACS 1149 presents some advantages. First, the identification of several multiply-lensed knots in the SN Refsdal host (see Table 3 and Figure 7 in G16), some of which are very close to the brightest cluster galaxy and radially elongated, provides important information about the slope of the total mass density profile of the cluster (see e.g., Caminha et al. 2017b) . Then, the presence of several pairs of angularly close multiple images (e.g., systems 2, 5, 6, 8, and 14 in Table 2 of G16), from sources at different redshifts, constrains tightly the lens tangential critical curves, thus offering precise calibrations of the projected total mass of the cluster within different apertures. In MACS 1149, these two rare coincidences reduce the need to include in the modeling information from a different total mass diagnostic, such as stellar dynamics in lens galaxies. In addition, the large number of secure and spectroscopically confirmed multiple images observed in galaxy clusters allows one to test different mass models and to choose the best one (i.e., the best parametric profiles of the cluster mass components; see Table 5 in G15 and Table 4 in G16), according to the value of the minimum χ 2 . As shown in Figure 17 by G15 and Figure 6 by G16, it is remarkable that all tested mass parametrizations lead to statistical and systematic relative errors of only a few percent for the cluster total surface mass density and cumulative projected mass. The latter has also been found to be in very good agreement with the estimates from independent mass diagnostics, e.g. those from weak lensing, dynamical and and X-ray observations (see e.g., G15; Balestra et al. 2016; Caminha et al. 2017b) . Moreover, in the modeling of a galaxy cluster, the inclusion of the different mass components (i.e., extended dark-matter halos, cluster members, and possibly hot gas; see e.g., Bonamigo et al. 2017; Annunziatella et al. 2017 ) provides a good approximation of the first-order lensing effects from the mass distributions in the regions adjacent to where the time delays are measured (i.e., the possible effect of the environment). In summary, if extensive multi-color and spectroscopic information is available in lens galaxy clusters, like in MACS 1149, it is possible to construct robust mass maps (see G15; Caminha et al. 2017a; Lagattuta et al. 2017) . We demonstrate the feasibility of using SN Refsdal for measuring H 0 with high statistical precision; the full systematic analysis will be in future work when the final time-delay measurements from the light curve monitoring becomes available. We remark that our first tests adding to the model a uniform sheet of mass at the cluster redshift (free to vary, with a flat prior) and optimized together with all the other model parameters result in median values that are very close to 0 and in H 0 probability distribution functions that are just slightly broader than those (presented above) without this extra mass component. Based on our previous studies (see e.g., Chirivì et al. 2018 on the influence of line-of-sight structures on lensing modeling) and additional preliminary results, we anticipate that the systematic effects in MACS 1149 could be controlled to a level similar to the statistical uncertainties given the exquisite data set in hand, making time-delay cluster lenses a potentially competitive cosmological probe.
Finally, we comment briefly on the recent work by Vega-Ferrero et al. (2018) , where an estimate of the value of H 0 has been obtained by combining the time delay predictions of the different groups who participated in the blind analysis on the reappearence of SN Refsdal published by . We notice that not all models perform equally well in reproducing and predicting the positions, fluxes and time delays of the multiple images of SN Refsdal (see Figures 7 and 8 in Rodney et al. 2016 and Figures 2 and 3 in Kelly et al. 2016b ), so it is not very meaningful to assign the same weight to all model predictions. In fact, some of the models cannot reconstruct the expected topology of the arrival time-delay surface near the multiple images of SN Refsdal (see Figure 8 in , and they do not produce images at those positions. Furthermore, we remark that in a strong lensing model, with a set of multiply-imaged sources at different redshifts, the values of the cosmological parameters and those defining the total mass distribution of the lens are not independent and they cannot be considered separately in deriving predictions (e.g., time delays and flux ratios of multiple images). Contrary to what we have done in the analysis presented here, Vega-Ferrero et al. (2018) simply rescale the model-predicted quantities varying only the value of H 0 and keeping the total mass models of the cluster fixed. Therefore, the results obtained with this methodology are likely to underestimate the uncertainty on the value of H 0 , and possibly introduce biases, since they neglect the covariance between H 0 and the cluster model parameters. The work by Zitrin et al. (2014) confirms the presence of a bias in the values of the cosmological parameters when they are inferred by applying a fixed lens mass model for correcting the luminosity distances of lens-magnified Type Ia SNe.
CONCLUSIONS
We have shown that it is possible to measure precisely the value of the Hubble constant by using a large set of observed images from spectroscopic multiply-lensed sources and the measured time delays between the mul-tiple images of a variable source in a lens galaxy cluster. We have modeled the extraordinary photometric and spectroscopic data in the HFF galaxy cluster MACS J1149.5+2223 and shown that the value of H 0 can be inferred, without intermediate calibrations and any priors on the values of Ω m and Ω Λ , with a 6% percent statistical error in flat ΛCDM models, if the time delay of the latest image of SN Refsdal (SX) is known with a 3% uncertainty. The precision on the H 0 value should be even higher, once the final time delay of SX, with the expected ≈1-2% relative precision, becomes available. At that point, our best estimate of H 0 , based on the model of SN Refsdal detailed here, will be presented. We have tested this method, originally proposed by Refsdal (1964) , in more general cosmological models and have found that it can also provide a new way to measure the values of Ω m and Ω Λ that is competitive with other standard techniques. When applied to other strong-lensing systems, with high quality data, that are already available or that are expected to be discovered in forthcoming deep and wide surveys, this will become an important and complementary tool to measure the expansion rate and the geometry of the Universe. 
